1.
Introduction. Let S* be the set of all functions f{z) = zΛ analytic, univalent and starlike in the unit disc £7, and let S*(a) denote the subset of all feS* that satisfy ΈLe[zf'(z)/f(z)]> a in U, 0 <i a < 1. S*(a) is the set of all (normalized) functions starlike of order a in U, and S*(0) = S*. The set of all functions f{z) = zΛ analytic, univalent and convex in U is denoted by K, and the set of all feK that satisfy Re[l + zf"(z)/f'(z)] > a in U is denoted by K(a). The set K{a) consists of all functions convex of order a in U and K(0) = K. Moreover, it is well-known that Ka S*(l/2) cS*, and it is known that feK if and only if (zf')eS*. Many authors have studied operators of the form Λ dt where 7 is a real constant and where / belongs to some favored class of functions [1, 2, 4, 5, 6 , 7|; they have obtained simple results by certain direct methods. However by using a more general operator combined with a new method we obtain results that are both more general and sharper than those obtained heretofore. We also pose some questions that we believe are of sufficient interest to (attempt to) answer.
Our fundamental theorem is stated and proved in § 2; in § 3 we offer some applications of our fundamental theorem. Variations of our basic result that lead to transformations of K, S*xK, and KxK into S*, are given in § §4, 5, and 6, respectively. 
a + δ> 0 , and (4) a + δ = β + 7.
// there exists a nonnegative constant J that satisfies (6) β + Ύ>J,
and if fe S*, then there exists a function
In (9) all powers are principal ones.
Note. First we note that the conditions (l)- (7) are not all in-STARLIKE INTEGRAL OPERATORS 159 dependent ones; we have enumerated the items to which we refer explicitly in the text.
Proof. We shall assume the existence of the function F(z), satisfying (9), and give a proof of the assertion FeS* first. After this proof, we shall show that a F(z) satisfying (9) does indeed exist.
From (9) we obtain, via a differentiation,
so that if in this last equation we make the substitutions and then take another logarithmic derivative, we obtain
Since feS*, the right-hand member of (11) has a positive real part in U. We wish to show that the function p(z) has a positive real part in U too. To that end, we introduce a new constant ft,
as well as the new function 
in U because feS*, and this along with the hypotheses (l)- (8) imply that the right-hand side of (14) also has a positive real part in U. Hence Ψ(u, v) satisfies all the hypotheses of Lemma A in the domain 3f so that we can conclude that P(z) satisfies the relation
in the disc U. If we take into account (5) and (10) along with (16), we conclude that
It is worth noting that (17) gives us more than the conclusion FeS*; it gives us FeS* : (e), where
Hence for appropriate choices of J, 7, Φ(z), F is more than "just" star like. This will be pursued later on in the note. Now we show the existence of a single-valued analytic function F(z) that satisfies (9), given a, β, 7, δ, Φ(z), φ(z) and f(z).
That requirement is equivalent to showing the existence of a singlevalued analytic function F(z) satisfying
The powers in (18) will be defined as our proof of the existence of
, which is a single-valued function analytic in U; moreover, w(z) Φ 0 there. Now set 
But feS*, and (19) along with (1), (3), and (7) imply heS*. The function
is a single-valued function analytic in U. We wish to show that g(z) Φ 0 in U, and to do that we set τ = h(t) and t = ff(τ), the inverse. If L denotes the line segment joining τ = 0 to τ = /&(z), then the inverse image of L is a curve Z in the disc U; here we have made use of the fact that Lah(U), i.e., h(U) is a starlike domain. Hence
Now we set τ = /θe <<?
, R = ^(2:)], 6 1 fixed, in the last relation to obtain which implies
Since heS*, in each closed disc in U we can find positive constants M and N such that
ί M h(t)
in that closed disc; in particular these last relations hold for all t el, for some M > 0 and N > 0. Hence Hence gr(ίδ) ^ 0 in U.
We now introduce the function g x (z) = g(z)/Φ(z) which is analytic in the disc U and satisfies ^(O) = 1 and g^z) Φ 0 there. Consequently we can define a single-valued function F(z), which leads us to (9). The proof is now complete. A weaker form of the theorem which is easier to apply is given by the following corollary. The corollary follows directly from Theorem 1.
3* Integral operators that map S* into £*• An operator defined on S*, that maps S* into (or onto) S* is called a starlike operator. For example, the operator ^ defined by (9) is a starlike (integral) operator. In this section we shall study several integral operators, which are special cases of (9), to show the power of our method. As noted earlier, our results are considerably sharper than those obtained by other authors up to this time. is again an element of S*.
Proof. If we choose a = β, 7 = δ, φ{t) Ξ= Φ(Z) = 1, and J = 7, then (23) is satisfied, and hence, by Corollary 1, FeS*.
The preceding result is due to R. Singh [7] for β and 7 positive integers.
If we use Theorem 1 and the useful relations (10), (13), and (17), then we can obtain somewhat more to demonstrate the idea in hand, and to avoid complicated computations-because our results are not the most precise-we develop certain special cases already in the literature.
(A) Let β -1 in (24), and 0 ^ 7 ^ 1. Then it is easy to verify that the constant 27 -1 + l/(27 -I) 2 
F(z) 4 The relation (25) implies that FeS*(J 2 ).
In particular, for 7 = 0, Fe S*(l/2), which is a well-known property of convex F; for 7 = 1, we have Fe S*(τ/17 -3)/4. This very last result is an improvement of an earlier one due to Libera, who showed FeS*.
(B) If we choose the same β, J x and λ(J x ) as in (A) above, with 7 2^ 1, then we can conclude that the transform F satisfies (25), which is an improvement of a result due to Bernardi fl], who showed that FeS* for 7 = 1, 2, 3, ....
In a similar manner, we can obtain similar extensions of R. Singh's generalization of Bernardi's result [7] . Since the order of starlikeness of the transform F is not precise, we do not present the details here.
It is worth noting that the transforms of the form (24), for feS*, represent generalizations of the alpha-convex functions introduced by Mocanu [6] ; these functions arise with the choices β =. i/a, 7 = 0. However, our technique does not yield new results for those functions. 
is again an element of £*.
Proof. A proof can be given that appeals to Corollary 1, with a + δ = β + 7 = l, φ(z) = Φ{z) Ξlj^J^ί, where J = 1 -a ^ 0.
As in the illustrative examples (A) and (B) above, it is possible to obtain sharper results by examining (17) in each case that Theorem 1 is used. For example, the following example illustrates the idea, used in (A) and (B) above, and it provides an extension of a result due to Merkes and Wright [5] .
(C) If 0 ^ a ^ 1, and if feS*, then the function Our result is more precise, though not the best one.
We conclude this section with a simple theorem that yields expressions for starlike functions of curious forms. (7) is replaced by the condition°L
If feK, then FeS*, ^/^erβ F(«) is defined by (9).
A proof of Theorem 5 can be given that parallels the proof of Theorem 1. It is worth noting that in such a proof, we use the fact that feS*(l/2), which follows from the hypothesis that feK.
Hence the conclusion of Theorem 5 is valid for all feS*(1/2).
It is possible to imitate examples (A), (B), and (C) above to show that if feK (or if feS*(1/2)) then the transform of / is smoother than /, for some transforms. For example, (D) if 7 > 0, fe K, then the function
Jo is an element of K(J 2 ), where J 2 is given by (25) , that is F is convex of order J 2 . To prove this result, we employ a partial integration to obtain
For feK, (zf')eS*, so that we can use Theorem 2, with β = 1, to conclude (zF')eS*.
By using examples (A) and (B) above we conclude that (zF')eS*(J 2 ) and hence FeK(J 2 ).
This last is an improvement of an earlier result due to Bernardi [1] , who proved that fe K implies FeK.
In a similar way we can show that for 0 ^ a ^l,feK, the function
is an element of K(l -a/2), which is an improvement over the Merkes-Wright result that Fe K(l -a) [5] . 5* Integral operators that map S* X K into S* A modification of formula (9) gives us a very general transformation and the following result. to complete a proof.
The following result contains recent ones due to Causey and White [2] . . However, our method shows more, at least for β = 1, in which case the transform F(z) is smoother that /(«) -as in examples (A), (B), and (C) above.
It is worth noting that Theorem 6 must be used because Corollary 2 may not be applicable. For example, if feS*, if gzK, then the function is starlike. Corollary 2 cannot be used here, Another transformation of the form (30) that appears promising is that given by z Jo t which suggests that transformations of the form
where α is real and h(t)eS*, may yield interesting results. We shall pursue that elsewhere.
It is important to note that the results of this section remain valid if the "weight function" g is an element of S*(l/2); all our proofs used only that property of convex g(z). 6* Integral operators that map KxK into £>*• In this section we describe integral operators that transform the set KxK into S*. There are no exciting results here, but we believe some of the ideas introduced here are worthy of at least a superficial development. A proof of this result could be given, one that looks like all the others in this note. We do remark that our result is a little more general than a similar one due to Causey and White [2] who studied the transform for feK and g e K. However the transform can be studied by our methods and not by the methods used by Causey and White. Indeed, they considered only the values a, Ύ -1, 2, , with 7 ^ 1 + a in (31). Again, it is important to note that we use only the property that feS*(l/2) and geS*(l/2), for convex/ and g, to obtain our conclusion. Hence it is clear that sharper results must exist for transforms (30) defined on KxK.
7. Conclusion. We have outlined a method that permits us to obtain reasonably sharp results concerning (starlike) integral transformations of the form (9) defined on S* f K, S*xK, and KxK. We have shown that such transforms sometimes map elements of the pre-image space onto "smoother" elements in the image space. It would be of some interest to obtain the exact order of smoothness of the image function F{z) when compared to the pre-image function f(z).
